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Abstract

We consider two coupled nonlinear Schrodinger equations with even, periodic boundary conditions, that are damped and
quasiperiodically forced. We prove the existence of invariant manifolds with Silnikov-type dynamics that are homoclinic to a
spatially independent invariant torus. Such manifolds appear to induce complex behavior in numerical experiments. © 1999

Published by Elsevier Science B.V. All rights reserved.

1. Introduction

This paper is concerned with dynamical behavior
in the coupled system of nonlinear Schridinger equa-
tions (NLS)

ia,u; = 92u; + 2| uyu,

+ ie[ D,u, — Ie 1298t 4 YU, U2|2] :
i6,u, = 82U, + 2|u,|’u,

+ ie[ D,u, — e 1224t 4 YU, u1|2] . (1)
which contains damping in the form of a bounded
negative operator D, and quasiperiodic forcing with
amplitudes I', and frequencies ,. Both u,(x,t)

and u,(x,t) are even and periodic functions of x
with period L =27. The time dependence of the

equations can be elzi minated through the transforma-
tion u, — u, e 2% which gives

du, = —idZu, — 2i[|uk|2 - ka]uk
+ e[ D.u, — I + yuk|uj|2] , k=12, (2

with j=1,2, j # k. For the purposes of this paper,
we sdect Dy = —au+ BBy u,, where a,8>0,
and the operator B, is a smoothed ‘model’ of the
diffusion operator 42. In particular, if b(l) denotes
the Fourier transform of B, u(x), and (1) denotes
the Fourier transform of u(x), then

Fon | —120()), if 1<K,
b(h) 0, if |>K,

with some fixed, large integer K > 0.
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With the above choice of D, (2) is a coupled
version of the single perturbed NLS equation that
has been studied extensively in recent years (see,
e.g., McLaughlin and Overman [9], Li et a. [7],
McLaughlin and Shatah [10], Haller [4], and the
references therein), preceded by a number of studies
on its finite-dimensional approximations (see, e.g.,
Kovag€i¢ and Wiggins [6], Li and McLaughlin [8],
Haller [3], Rothos [11], or Haller [5] for a detailed
survey). The goal of this paper is to understand how
the complicated dynamics found in the single per-
turbed NLS equation manifests itself in a coupled
system of such equations. Our emphasis will be on
the description of the infinite-dimensional phase
space geometry and not on detailed proofs. The
proofs of the technical results we use for near-inte-
grable, NLS-type systems of partial differential equa-
tions can be found in detail in Haller [5].

Our main result is the existence of invariant mani-
folds in the phase space of (1) whose geometry
resembles those of certain orbits in finite-dimen-
sional ODEs, first studied by Silnikov [12]. The
exact dynamical implications of such sets are not
known yet; in fact, we believe that this is the first
example in which they are identified. We demon-
strate numerically the existence of spatio-temporally
complicated dynamics for the approximate parameter
values obtained from our analysis. The important
feature of Silnikov manifolds is that the shape of
individual homoclinic orbits in them can be quite
different; some of them involve significant motion
only in u,, others only in u,. This agrees with the
pulse localization phenomenon observed numerically
for coupled NL S equations describing pulse propaga
tion in optica fiber arrays (see, e.g., Aceves et al.
[1,2]). The methods we use in this paper are genera
enough to bear on the equations of coupled optical
fibers, and hence we expect to identify similar be-
havior for those equations in future work.

2. Theintegrable limit

In this section we describe the e=0 limit of
system (2). Since in this limit the system decouples
to two integrable NLS equations, we can use the
integrable geometry of the NLS, as discussed, eg.,

inLi et a. [7], to understand the integrable geometry
of coupled NLS equations.

2.1. The resonant two-torus and its stability

Solutions with d u; =du,=0 a t=0 remain
spatialy independent under the flow, therefore the
set IT=1I1, X II, with

II.={u| du,=0}, k=12,

is a four-dimensional invariant space. An important
subset of IT is the two-dimensional invariant torus
& =&, X &,, the product of the two circles

Z={u] lul=02J, k=12

This two-torus is completely filled with equilibria of
for e = 0, which correspond to periodic or quasi peri-
odic solutions of the origina system (1). Both fre-
quencies of the latter solutions are equal to those of
the forcing, thus we will refer to # as a resonant
torus.

Since the coupled NLS system decouples into two
integrable NLS equations for €= 0, the stability
analysis of Li et a. [7] for asingle NLS equation can
be used to analyze the stability of the torus . In
particular, for 1/2 < {2, < 1, at any fixed point on &
the coupled NLS eguations admit two pairs of
nonzero real eigenvalues +A, = +/407—-1, a
zero eigenvalue with multiplicity four and with a
trivial Jordan block, and infinitely many purely
imaginary pairs of eigenvalues iv,; with k=12
and j=1,2,.... Therefore, at any point of the torus
%, the unperturbed system admits two-dimensional
stable and unstable subspaces E® and EY, and an
infinite-dimensional center subspace. The center sub-
space is the direct sum of the space E° = IT (corre-
sponding to the zero eigenvalues) and an infinite
dimensional subspace E° corresponding to the purely
imaginary eigenvalues.

2.2. Homoclinic orbits

As earlier studies showed, each individual
Schrodinger equations in the coupled NLS system
admits two one-parameter families of orbits homo-
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Fig. 1. The geometry of the homoclinic set Wy(#).

clinic to the circle &, for e = 0. We label these two
families as Wy (%) and W, (2).

It follows that a four-dimensional manifold W,(#)
of homoclinic orbits exists for the torus # in the
phase space of the coupled NLS system. The u,
component of a homoclinic orbit lies in W, (%)),
W, (%), or &,, wherethe + signs refer to different
families of orbits, i.e., different components of the
stable manifold of #,. The homoclinic set W,(%) is
therefore the union of eight manifolds of the form
& X o, where

A € Wy (%4) 0 Ws (%4) -

Here we excluded the set @, X &, as it gives &
itself. Introducing the multi-index P = (P?,P2) with
PXe {—-1,0,+ 1} and letting WX(%,) = &,, the ho-
moclinic set Wy(%) can be written as

Wo(g) =U P#OWP(g)v
Wp(g) = Wopl(gl) X Wopz(gz)-

The geometry of this homoclinic set is sketched in
Fig. 1. Individual solutions homoclinic to & are
contained in one of the components of W,(#), and
are of the form

u"t(t) = (Ul () up”(1)). (3

Here u"P*(t) is a homoclinic orbit for the kth unper-
turbed NLS equation given by (see,, eg., Li et al.
[7D

upt(x,t) = 2,e'%e

cos2 p, — isin2 p,tanhr, + sinp, sech 7, cosx

(4

1+ sinp, sechrcosx

with

p=tan 1402 -1, 7, =402 —-1(t+1,).

The + index of the solution reflects the sign of PX.
As an example, the pointwise norm of a homoclinic
solution (uy™ (x,t),uf* (x,t)) is shown in Fig. 2.
Geometrically, the orbits in the homoclinic manifold
W,(#) are typically heteroclinic connections be-
tween different points of the torus #. These end-
points have the same modulus, but their complex
phases differ by

Ap=(Adp", Adp?)= —4( p..p,)

—4(tan1 407 — 1 tan "} 202 - 1).

2.3. N-chains

In what follows, we will show the existence of
solutions of the coupled NLS system that are doubly
asymptotic to the space II of spatially independent
solutions. The solutions will be constructed as con-
tinuations of chains of unperturbed heteroclinic con-
nections and will make several pulses, i.e., depar-
tures and approaches, relative to I1. A precise defi-
nition of an N-chain of unperturbed homoclinic or-
bits is the following.

Fig. 2. The graph of z(x,)=|(uf* (x.t),ul* (x,t))]| for the
coupled NLS system with t, =0, ty, =5, £,=0.6, 2,=0.8.
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3

UU?(t)

Fig. 3. The u; component of a 3-chain with P{ = +1, P}=—1,
and Pi=+1.

Let us consider a set of unperturbed solutions
{ul (t)} of the type (3), each homoclinic to the
torus ‘E W|th the property

lim u'(t) =b,,

t—> —x

lim ul~ 1(t)— I|m u'(t) i=2,...,N.

t— 4+
Let {P}Y beasequence of vectors P, = (P!, P?)
with P € {-1,0,+ 1}. The solutions
ul(p),... uN(t) are said to form an N-chain with
basepomt b, and jump sequence {P}\, if for all

te R, we have
Wi (%), if PK=+1,
ul(t) € &, if Pk=0,
Wy (&), if Pr=-—-1.
We denote an N-chain with basepoint b, by XN(by).

As an example, we show the geometry of an
3-chainin Fig. 3.

3. General formulation

In this section we recall some results from Haller
[5] on the existence of multi-pulse solutions for
near-integrable evolution equations. We give a
semi-informal description of the results for the spe-
cific case of two coupled NL S equations to avoid the
introduction of further notation and terminology. For

amore general formulation we refer the reader to [5].
Throughout this section, we will use the shorthand
notation H! for the Sobolev space H0,27] of
complex-valued L? functions of x that admit a
bounded distributional derivative in L2

We rewrite the coupled NLS system (1) as a
system of evolution equations

du =iV, He(u,0,) + egy(u,0), k=12, (5)

where

HE(u,T) = i[2”|axuk|2 + 207 uf? - |ug" dx,
2w /o

9(u,T) = iV Hy(u,T0) + G, (u,T), (6)

with

Hy(u,0) = Hi(u.,0y) + HZ(u,,0,) + Hf(u,0),

i,
HE(uy,Ty) = — 2 o uk—ukdx,

_ Y 2
Hi(u,0) = Zfo |Ul|2|uz|2 dx,

Gi(u,u) = |5kuk- (7)

The following features of this system of PDEs
enable one to apply general results from Haller [5]
on the existence of solutions close to N-chains for
e>0:

1. The Hamiltonian HX splits as HX=HX + HK,
such that H, is smooth and bounded on bounded
subsets of H?, while the terms in HY are not
bounded and generate the linear terms in (2) with
%cond derivatives. More precisely, iV}, HOO(u 0)
= M&u, where the linear operator M has a
dense domain in H* and [IM&fu,ll - <Klluy,
Il 42 for an appropriate positive constant K.

2. The perturbation termsin g, smooth and bounded
on bounded setsin H1.

3. For any € > 0, system (2) admitsaflow F:H?! x
H!>H!xH?! that is continuous in t and of
class C' in u and e for any fixed t.

4. In the finite-dimensional invariant subspace I1,
there exists an invariant torus # of fixed points
for e=0. Any fixed point on & admits two
stable, two unstable and infinitely many center
directions.
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5. If E(p) denote the subspace of the center sub-
space that corresponds to purely imaginary eigen-
values, then E(p) = E is independent of p and
the restriction of the operator My = (Mg, M¢) to
this subspace generates a uniformly bounded
group on E. More specifically, for A= M|E,

lerull < V2 llull s

holds.

6. The torus & admits a four-dimensional homo-
clinic manifold Wy(#) with the properties de-
scribed above.

3.1. N-pulse orbits

Under the above conditions, the following results
apply from Haller [5]. Let us define the Nth-order
energy function

ANy = (A7, AN ?)
with

N o]
AT (o) = — L f (VHE .Gl dt, (8
|I=1"—%
where G, =(g,,d,), and u*(t),...,uN(t) form an
N-chain with basepoint b,. As we will see below,
one can think of the energy function as a generalized
Melnikov function: Its transverse zeros will corre-
spond to families of N-pulse orbits homoclinic to a
neighborhood of #.

Theorem 1. For € > 0 small enough, the follow-

ing hold:

(i) There exists a codimension-four invariant mani-
fold .Z_ in the phase space of (2) that contains
a neighborhood of the unperturbed torus . .Z,
also contains the invariant plane I1.

(ii) Suppose that for some positive integer N, the
phase vector ¢, € T2 is a transverse zero of the
function ANZ, i.e,

ANZ (o) =0, det| DANZ ()] # 0.
Suppose further that for k= 1,2,
A7 K( ) # 0

holds for all integersj=1,...N— 1
Then, for any choice of the vector P, € R? with
P e} 1, +there exist infinitely many orbits that are

homoclinic to the manifold .Z,. The homoclinic or-
bits are close to N-chains with jump sequence

PK,=sign (A7%(¢o))P*, j=1,...N—L1.
(9)

There also exists a similar family of orbits with jump
sequence —{Pj}L .

Since the homaclinic orbits rendered by the above
theorem are close to N-chains, we call them N-pulse
orbits. We note that, in general, the two families of
N-pulse orbits described above do not form a smooth
set in the phase space H!. However, they can be
shown to form a smooth, infinite-dimensional mani-
fold in a higher-order Sobolev space, H*N~1. We
aso remark that the manifold .#, perturbs from a
center manifold to the torus #. The details of al
these results can be found in Haller [5].

3.2. N-pulse orbits homoclinic to plane waves

If ¢, € R? satisfies the conditions of Theorem 8,
then the intersection set of the plane ¢ = ¢, is a
two-dimensional subset of #. It turns out to be a
first-order approximation for ‘takeoff’ points of a
four-dimensional family of N-pulse homoclinic or-
bits. They form a subset of the large family de-
scribed in Theorem 1, and have the special property
that they are asymptotic in backward time to the
four-dimensional plane I1. It is feasible to try to find
first their backward limit sets on I1, then investigate
their exact forward-time behavior as they come back,
after N-pulses, to a neighborhood of #. We shall be
interested in the case where the backward limit set
for these orbits is a fixed point, and in forward time
the orbits return to the same fixed point.

We first introduce action-angle variables on the
invariant plane II by letting

(uy,u,) = (\/He“bl,\/ge““).

To focus on a vicinity of the resonant torus #’, we
introduce the new coordinates n = (n,,m,) € R? de-
fined as

Ik=\/‘Q_k+\/ET/k'
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A direct calculation shows that in the vicinity of &,
the flow on IT obeys the equations

= —VeD, #y(m,¢) +2(e),

bi=VeD, Zy(n,¢) +(e€), (10)

with

Zy(n,d) =Z3(n1, b)) +ZE(m2,02),

Zi (b)) = — ¢ + 200, 8N, + 200, 2, .
(11)

Note that the reduced system has no dependence on
the parameter B at leading order. The following
theorem gives conditions for fixed points of the
reduced system (10) to admit manifolds of N-pulse
orbits in function space.

Theorem 2. Let Ve RP be an open set in the
space of all parameters of system (1). Assume that
(i)  The Hamiltonian %, has a hyperbolic equilib-

rium py(A) € I1. If p.(A) € II is the corre-
sponding equilibrium of the perturbed system,
then the manifold W*(p_(1)) N.#, is codimen-
sion-two within the manifold .Z, .

(i)  The size of W*(p_())) in directions transverse
to the plane I is at least of order @(e) with
some g < 2.

(iii) For some positive integer N and for all A €V,
there exists a function ¢,(A) that satisfies the
conditions of Theorem 1.

(iv) The plane {¢ = ¢o(A)} C IT intersects trans-
versely the unstable manifold of the fixed point
po(A) € II of the Hamiltonian 7.

(V) If (ny(A), (1)) are the coordinates of this
transverse intersection point, then the point

(19 ,do(A) + NAP(A)) crosses the stable mani-
fold of p, transversely as A is varied through
Ao
Then for every vector P, € 7Z° with P € {—1,1},
there exists a codimension-two set M "CcRP X R
near the point (A,,0) such that for every parameter
value (A,e) € M, the system (1) admits a two-dimen-
sional manifold of N-pulse orbits homoclinic to the
point p_(A). The jump sequence of the orbits is given
by
PX,=sign (A7 (¢))PS, j=1,....N—1.
Theorem 2 isjust a specia case of a more general
result proved in Haller [5]. The proof is based on
infinite-dimensional invariant manifold techniques,
geometric singular perturbation theory, and detailed
estimates on solutions.

4. The existence of Silnikov manifolds

In this section we apply Theorem 2 to the coupled
NLS system (1). Writing out the reduced Eqg. (10) in
detail, we obtain that for e> 0 the flow near the
torus # satisfies the system of ODEs

n, = —Ve (2T 02,c08¢; + 20, 02) +(€),

(i)l= _‘/227714'@(6)'

n, = —Ve(2I,0,c08¢, + 20,02) + 0 (€),
c-b2=—\/221]2+@’(e). (12)
This shows that the two NLS equations decouple
form each other at leading order on I1. At that order
we obtain that the phase space structure is the prod-

uct of those of two forced pendula, as shown in Fig.
4.

n, n,
e\ e\

"@ X "@ + O(G) coupling
~——, vq)

2

Fig. 4. Phase portrait on the invariant four-dimensional plane IT near the torus € for € > 0.
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For e> 0 small enough, nondegenerate critical
points of .7, give rise to @(Ve)-close fixed points
for (12). Defining x,, = /Iy, we see that for
| Xoif2| < 1, 7, has a saddle point

SO( Xa) = (O’ﬂ-—’_ Cos_l(_/\/algl),o,’ﬁ
+cos‘l(—)(a2.(22)).

In view of Theorem 2, this saddle point is a candi-
date for a fixed point that admits manifolds of
multi-pulse orbits. Below we will verify the condi-
tions of the theorem for s( x,, ).

Since the linear stability of the perturbed fixed
point s.( x,) is not changed by the coupling terms,
s.(x,) admits a codimension-four stable manifold
WS.(s.(x,)). The intersection of this stable mani-
fold with .Z, is a codimension-two submanifold of
.. The ‘height of W(s(y,)) is @(e¥*), as
follows from the normal form derived in Li et al. [7]
for individual NLS equations and from the fact that
(12) decouples at leading order.

To satisfy (iii) of Theorem 2, we have to ensure
that the energy function AN#Z has a transverse zero.
Using (6) and (7), the expression (8) for AN#* can
be rewritten as

ANZ () = 20, T [sin( by + NAG,) — sing, |
- N[ 0,7, (2y) — BT (2, K)

—y 7)), (13)
where
(0 = W;k Reflfoz”(ukafuk
+ 2 u [ uel = 22] )lup- o dxet,
F3( 0 K) = 7T;kRef_w foz”(axzuk

+2[|uk|2 - .()kz]U) By Uylups 1y dxdt,

fyk(_(z) = 7r:_LQk Refijj;zw( Oy Uy

+2[|uk|2 - _ka]Uk)uk| Uj|2|uhi(t) dxdt.

Since the homoclinic solutions u"*(t) are given by
H” functions that decay exponentialy in time as
t - + o, the integral

Zo(0,) = W;k Re/:/OZw( 62T,
+ 2[ lu® - Qf] Uk) A2 Ulubs 1y dxat

(14)
converges, and we have

KILnl‘]B(‘Qk*K) =S0(£2)-

In fact, by analyticity of the integrand in (14), we
can write

F( 2, K) =7(82) +o(e" ). (15)

for appropriate v > 0 and K sufficiently large.
Now, (13) shows that for

2jm
—, JE€Z,

Ad, #*
Dt

| 7 (2)) = BT (2, K) — v 74 Q)|

ar,
<_
N

NAG,
2

sin , k=12, (16)

the function ANZ aways has a transverse zero.
Furthermore, since the phase portrait of (12) is of the
type shown in Fig. 4, the two-dimensional plane
{d = byo, k=1,2} hasat least one transverse inter-
section point (n,,¢,) with the two-dimensional un-
stable manifold of the saddle point sy( x,)-

To apply Theorem 2, it remains to verify that the
point (ny,¢, + NA¢) crosses the two-dimensional
homoclinic manifold of the saddle s,(x,) trans
versedly at some critical value of the parameters.
Upon such acrossing, both (1,4, ¢o) and (4, Pyo +
(NA¢, )mod27) must lie on the same level curve
of the local Hamiltonian .77y, i.e.,

%gk(”’]ko v b0 + (NAg )mod27r ) = %gk(”’lko ' byo)



182 G. Haller et al. / Physics Letters A 263 (1999) 175-185

must hold for k= 1,2. Using the fact that ¢,, is a
zero of AN, this last equation can be rewritten as

e [fa(ﬂk)

= 5 (00K)

20,
+ T [ NA(f)k( 'Qk)] m0d27T}

y15(Q2)
T (00K (47

for k= 1,2. This, however, only gives a meaningful
By vaue if

2 |sin[NAg(2,)/2]|

< - ’
X ™ 0, TNAg(£2,) [mod2ar
Lok—12 18
< —, =1/2.
X < 0 (18)

Here the first inequality is obtained by combining
the second inequality in (16) with Eq. (17), while the
second inequality ensures the existence of the saddle
point So( x,)-

Note that as long as NA¢(2) < 2w, N-pulse
orbits coexist with single-pulse orbits. This can be
seen by noting that for any NA¢(2) < 27, we have
X[NAG(2)Imod27 = Ap(2) in (17).

By (15), for large enough K we can replace
S0, K) with #(Q,). Since B, is alinear func-
tion of «, in (17), the derivative dB,/da, is
nonzero whenever the condition gives a nonzero B,.
As a consequence, the point (9, ¢, + NA¢) crosses
the two-dimensional homoclinic manifold of the sad-

de s,( x,) transversely. Therefore, Theorem 2 and
our calculations in this section imply the following
result.

Theorem 3. Let N be an arbitrary but fixed
positive integer, and let M, be the set of points in
the (a,B8,v,I",€) parameter space that satisfy

o o4 2%
A |
YL(2)
X(NA¢k( Qk))mOdZW] - (1)
a1 []Sn[Ndg(2)/7]]
Lo~ 0| [NAy(2)]mod2m "

1<n,.<1, (19)

for k= 1,2, with .7, defined in (14). Assume further

that M, is a nonempty codimension two surface.

Then for small enough €>0 and large enough

K > 0, there exists a codimension-two surface M, in

the («,B,y,I",€) space with the following proper-

ties:

(i) M, is C%close to the surface M, in the
(a,B8,y,I€) parameter space.

(i) For every (a,8,y,I',€) €M_, system admits
four four-dimensional manifolds of N-pulse ho-
moclinic orbits which are doubly asymptotic to
an invariant 2-torus of the original system (1).

(iii) In terms of the transformed system (2), the
manifolds of homoclinic orbits are two-dimen-
sional and connect a fixed point s.(x,) € IT to

Fig. 5. Silnikov manifold for the coupled NLS system.
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Fig. 6. Approximate parameter sets for the existence of Silnikov manifolds. Fixed parameter retios are a;, = a,, y/a, = 1. The pulse

number is N= 1 for the first case and N = 10 for the second case.

itself. Furthermore, the N-pulse orbits in (2)
are close to N-chains with jump sequence

Pk, = sign{Z()ka[sin(cos‘l(—XaQ)
+jA¢) —sin(cos™(—x, 2))]
—10 7 (2) = BeFo(£2)
— 75K (2)))Pf

j=1,...,N—1, k=12,

where P can be either +1or —1.

The geometry of the manifolds of N-pulse orhits
obtained for the coupled NLS system (2) is shown in

space 0 o

Fig. 5. The manifolds exhibit a dynamical behavior
similar to that of Silnikov-type homaclinic orbits in
ODEs. Thisis due to the fact that the infinitely many
purely imaginary eigenvalues in directions transverse
to Il in the integrable limit turn into complex
eigenvalues with negative real parts. This geometry
prompts us to refer to the manifolds we obtained as
Sinikov manifolds.

5. Numerical experiments

To illustrate the results of Theorem 3, we plot the
intersection of the two surfaces satisfying the condi-

space time

Fig. 7. The spatio-temporal behavior of |uy(x,t)| on an initid and a later time interval. The parameter values are a; = a, =0.1,
y1=7v,=01 02,=06, 2,=07, I'1=1,=500, e=0.001. The approximae B, values, computed for these parameters, are B, =

0.40623 and B, = 0.33298.
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Evolution of L energy

45

@«
3

flu 1. lu, I

[

25

60
time

80 100 120

Fig. 8. The L2 norm of u, and u, as afunction of time on the solution shown in the Fig. 7.

tions (19) in Fig. 6. In order to visualize the resulting
six-dimensional intersection surface in the eight-di-
mensional parameter space, we chose to fix the ratio
of certain parameters and plotted the resulting B,/ ¢
values as a function of 2, and (2,. We recdl that
for any integer N with NA¢(2) < 27, the first
intersection surface in Fig. 6 also marks the exis-
tence of N-pulse orbits. .

The dynamical implications of Silnikov manifolds
are unknown at this point, but we expect them to be
the landmarks of temporally chaotic dynamics. Such
a behavior is clearly seen in our numerical experi-
ments, as we show in Fig. 7. The figure shows the
time dependence of |u,( x,t)| for a typical run with
parameter values satisfying (19). A nearly ‘flat’ ini-
tial condition was chosen by randomly selecting a
point on the unperturbed resonant torus &, then
applying a small (of the size 10~2) random perturba-
tion off the torus. In our numerical experiments
u,(x,t) went through periods where its energy was
quiescent for a long time, then it jumped to large
oscillations. This phenomenon, shown in Fig. 8,

shows that the complicated behavior is not localized
to asingle NLS equation for the initial conditions we
picked.
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