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Abstract

We study n-degree-of-freedom, nearly integrable Hamiltonian systems near the intersection of a stronger and a weaker

resonance. We construct motions that cross the weaker resonance along the stronger one at a speed larger than that of Arnold
diffusion. We also derive estimates for the measure of such solutions.

1. Introduction

In this note we consider nearly integrable, n-degree-
of-freedom Hamiltonian systems of the form

H(l,¢;€) = Ho(I) + eH (I, §; €}, (1)

— ™ N

where (I,¢) € R* x T" are action-angle variables
withn > 3, 0 < € < 1 is a small parameter, and Hyp
and H, are analytic functions. It is well known that the
unperturbed flow generated by the Hamiltonian Hy is
completely integrable with the # independent integrals
Iy,...,1I,. The phase space of this integrable system
is foliated by n-dimensional invariant tori of the form
I = const. The KAM theorem [1] states that in the
generic case most of these tori survive in the perturbed

svystem. The surviving tori are precisely those that
system, The surviving tori are precisely those that are

sufficiently well separated from the resonance web,

W ={I C U(D;Ho(1),k) =0, k € Z"}. (2)

For two-degree-of-freedom systems that satisfy the
condition of isoenergetic nondegeneracy [1], the
KAM theory actually guarantees that all motions on

each three-dimensional energy surface Hy = const

are either quasiperiodic or remain trapped forever
between two adjacent surviving two-tori. However, if

> 3, the surviving tori do not serve as barriers to
nonquasiperiodic motions and large changes in the

initial action valuec hecaome nogcible for traiectories
nifial acuon values vecome possible tor lrajectories

that traverse in a neighborhood of the resonance web
Ww.

In his famous paper [2], Arnold sketched an ex-
ample of a nearly integrable system which exhibits an
O(1) variation in the action values even in the limit
€ — 0. He proposed that the fundamental mecha-
nism for such an evolution is pi‘O'vxucu u_y the trans-
verse intersection of stable and unstable manifolds (or
“whiskers”) of a chain of lower dimensional invariant
tori that is created in the destruction of unperturbed
n-tori along a given resonance. This phenomenon has
become known as Arnold diffusion, and it is believed
to be the underlying cause for long-time instability in
muiti-degree-of-freedom Hamilionian sysiems {3,4].
By Nekhorosev’s theorem [ 1], the average speed of
this diffusion is necessarily exponentially small in the
generic case.

Although in the physics literature the existence
of Arnold diffusion is sometimes treated as a fact,
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the mathematical details of Arnold’s example are

still not fn]lv understood f<1 Recently, in an im-

......... RO, iid

portant paper [6], Chierchia and Gallavotti clarified
the details of the construction of transition chains of
tori for a special class of problems that involves the
D’ Alembert precession-nutation model. At the same
time, their work further emphasized the fact (see
also Ref. [5]) that the general picture of diffusion

proposed by Arnold can be justified only away from

multiple resonances or resonance junctions. Smce in
systems with at least three-degrees-of-freedom mul-
tiple resonances form a dense subset of the action
space, their role cannot be ignored [7]. There is also
increasing numerical evidence [8] (see also Refs.
[3.4]) for symplectic maps, that the speed of dif-

ncinn af thn Qr‘hnn variahlee haramec much laroer
TUsSion o7 Ing aclion variac:es oecomes much 1aigel

near resonance junctions than that of Arnold diffusion
along single resonances. In particular, a characteristic
cross-resonance diffusion appears to happen on time
scales much shorter than exponential and it curiously
involves higher order resonances which are usually
believed to be less significant [8].

T .
In this paper, motivated by the above numerical ob-

servations by Laskar, we study the geometry and dy-
namics near a multiplicity two resonance in the phase
space under the assumption that one of the two reso-
nances is weaker than the other one. However, our re-
sults can easily be extended to the intersection of two
nearly equally strong resonances provided the pertur-

hats tn af tha t harm
cation contains one of the resonant uauuGuiCS with

much smaller amplitude than the other. This latter case
is a generalization of the example studied by Benettin
and Gallavotti [9].

The key observation in our study is that weak-—
strong resonance junctions admit a near-integrable dy-
namics which enables one to study details of their ge-
UlllCLl‘y lll Pdl upu‘xal, WC dbbbllbc h\JW lllUllUIlD yaoa
through the weaker resonance guided by the stronger
resonance. This passage happens on a weakly hy-
perbolic invariant manifold of (» — 1)-dimensional
whiskered tori. We establish an order O(1/+/€) upper
estimate for the time of the passage which shows that
cross-resonance diffusion is indeed much faster than
the C}\puuumauy slow Arnold diffusion. UDllls a re-
sult of Fenichel [ 1 1] from geometric singular pertur-
bation theory. we extend the same result for an open
set around the original set of (n — 1)-tori. It turns out
that the measure of this set can be taken algebraic in

the perturbation parameter €. We conclude the paper

hv r‘nmparlno diffusion near weak— -strong resonance

junctions to Arnold diffusion and describing some fur-
ther results on a special type of chaotic dynamics near
multiple resonances. For full proofs and mor¢ details
of the present results, the reader is referred‘ to Ref.
[11] where the intersection of more than two reso-
nances is also treated.

2. Normal form for weak-strong resonande
junctions

Throughout this paper we shail assume ithat for
some fixed constant ¢ > 0, the complex extension
H,(1,z;€) of the Hamiltonian H, is analvtic in the

RARIIILY allaiye v

domain |Im z;| € o of the 2n-dimensional tomplex
space C", and for some bounded set § C R";

holds with an appropriate positive constant K, and for
€ sufficiently smaii. We shaii aiso need the Fourier
expansion of H|, which can be written in the form

Hi(l, ;€)= Y hi(1;€) exp(i(k. 4))

keZ/l

Our basic assumption is that the frequencigs of the
unperturbed Hamiltonian Hy satisfy precisely two in-
dependent resonance relationships at some pﬂ)mt I" of
the action space, i.e., there exist two linearly indepen-
dent integer vectors [, m € Z" such that

We assume that the first resonance is “forceqji” by the
perturbation at leading order, i.e., inf, g |/ (7;0)| >
¢p > 0. We denote the resonant module generated by

at
lUL

H wr

3 want I and A
uiC veCiors ¢ ana m Uy v, 1.C., W

(D

M={keZ" | k=cil+cam, c|,¢2 € L}.

Let r; € M be a “minimal” element of the module M,

tar with tha oroperty fhd far any
u Uptity uigr iUl 1Ly
M which is linearly independent of r; and it§ modulus
is minimal among all elements of M that arg linearly
independent of r|. Then, it is always possible to find
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linearly independent integer vectors rs,..
that for the n x n matrix

.,rp such

"
r
T =
r
we have det T = 1 [1,9]. We then introduce the change
of variables [1]

¥=Tp, Vel=(TH~'(I-1D, (3)

which is only canonical up to the factor /e, thus
we have to divide the transformed Hamiltonian H =
Ho + €H, by this factor to preserve the correspond-
ing Hamiltonian equations. Then Taylor expanding the
rescaled Hy and H, at the resonant action value I™ and
dropping the constant Ho(I7)/\/€ gives the expres-
sions

Ho(J;€) = (TD;Ho(I"), J)
+ Ve (I, TDIHo(INT'J) + O(e),

VeH (Lyi€) = \/E< > hpexpli(p, (¢1,40))]

peZ?

+ ) m(I50) explitk, v)) +O(\/€>>,

k€eZr —M

where h,, = h(I%;0) whenever k = pir1 + para (here
p; denotes the jth element of the integer vector p €
Z?*). Note that we separated the resonant and nonres-
onant combinations of the phases in the expression of
H. As a result, the first sum in the above expression
only depends on the slow angles i and i,, whereas
all harmonics in the second sum do depend explic-
itly on integer multiples of the fast angles 13, . . ., iy,
and hence have zero averages with respect to these
variables. Since, by our original assumption, the fre-
quencies corresponding to these fast angles do not sat-
isfy any resonance relationship in a neighborhood of
the point J = 0, the method of multi-phase averag-
ing [12] guarantees the existence of a near-identity,
canonical change of variables that transforms the ex-
plicit fast angle dependence of H to terms of order
O(e). In fact, in a small but fixed neighborhood of
J = 0 further higher order averaging transformations

can be constructed which push the fast angle depen-
dence of H) to terms that are exponentially small in
€ [9,13]. Thus, splitting our slow and fast variables
into the new variables

A=(J|s~,2)’ a=(l//|11//2))
B=(\/EJ3,...,\/EJ,,), B=(¢3"“’¢")’

and retaining the same notation for B and B after
performing the averaging transformations, we obtain
the normal form Hamiltonian

H(A,a,B,B;€) = /e (b,B)
+ V'€ [Hpend(A, @) + V€ Hy(A, @, B; \/e€) ]
+e "/ Hy(A,a, B, B;Ve), (4)

with

Hpena(A, @) = 3(A, PA) + Z hy exp(i(p, @)).
pPeEZ?

(5)

Here b € R"~2 contains the last n — 2 elements of the
vector TD;Ho(I%), the symmetric matrix P € R?*?
is the first 2 x 2 minor of the matrix TD?Ho(I")T",
the functions H, and Hj are analytic in their argu-
ments, ¢ > 0 is an appropriate constant and Hpeng is
the well-know pendulum-type Hamiltonian. The new
symplectic form corresponding to this Hamiltonian is
w = da A dA + \/edB A dB, hence the (B, B) equa-
tions in the associated Hamiltonian vector field are
multiplied by a factor of 1/1/€ compared to the usual
canonical equations.

As one can directly read off from (4), the action-
type quantities By, ..., B,_» are conserved quantities
for the normal form if we neglect the exponentially
small terms. This fact enables us to treat the corre-
sponding normalized Hamiltonian vector field as an
exponentially small perturbation of the terms that do
not depend on the fast phases B. Since in the S-
independent Hamiltonian system the B-components
of the equations decouple, we naturally arrive at the
study of a two-degree-of-freedom Hamiltonian which
is an order O( \/E) perturbation of Hpend(A, @).

We are now in the position to formulate our major
hypothesis that /" lies in the intersection of a weaker
and a stronger resonance, corresponding to the inte-
ger vectors rp and r), respectively. We require the
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p2-dependent part of the Fourier series in (5) to be
smaller than a small parameter u with 0 < u <
|H (I, @; €) ||. This assumption is reasonable since
H, is as analytic function so its Fourier coefficients
decay exponentially. In particular, forany 0 < x < &
we have the estimate [12]

) hk(zf;o>exp<i<k.¢>>1’

[kl {ra|
< 4! % (n_;_l_)n_I exp(—%KIrzl).
This estimate implies that if
2] 2 L{p)
(g DT

then the pendulum Hamiltonian (5) can be recast in
the form

Hpena( A, @) = 3(A, PA) + Vi(an; ) + pVa(es p),

(7)
with
L) /||
Vilaj; u) = Z hepoyexp(ipyay),
=0

ﬁeXP(i(p, a)).

Valas ) = >

|prll+|pam| > L)

It is important to note that both V; and V, admit u-
independent bounds, in particular

V| < Ky, W] < L. (8)

Using Cauchy’s inequality, we also obtain that
||D§5V2H < |k|'e~ ¥ for any multi-index k € Z”,
hence the derivatives of the potential ¥, also admit
pm-independent bounds, just as those of Vj. The re-
markable feature of (7) is that it is a nearly integrable
system for small values of u. In order to study this
system, we want to consider the u = 0 limit. To avoid
the blowup of L{u) that occurs at this limit, we in-
troduce a new small parameter p with 0 < p < w and
consider the slightly different Hamiltonian

Hpend(A, a: p) = 5(A, PA) + Vi(a1; p) + pVa(a; p).
(9)

Then, for any sufficiently small but fixed 0 < p <«
min(1, K, ), we can establish perturbation results for
Hpena(A, a@; p) with 0 < p < po sufficiently small.
If these perturbation results are obtained by methods
that only require u-independent bounds on th¢ pertur-
bation “potential” V; and its derivatives, than the re-
sults continue to hold if we decrease the value of u to
achieve 1 = po.

3. The integrable limit

The Hamiltonian vector field corresponding to
Hpenda (A, a; 0) takes the form

Ay = =Dy Vi{ay n), Ary=0,

&) = piAy + pi2ds.  da = pnAr +pirA. (10)

thus A, is an integral of this system. We assyme that
the periodic potential V| has isolated local minima and
maxima and the nondegeneracy conditions

pi #=0, detP#0 (1)

hold. Any local extremum point &; of Vj gives rise
to an equilibrium (—pj2A5/p11, &) of the (A, a;)
equations, which yields a two-dimensional invariant
manifold of (10) of the form

Mgl = {(A.a) | oy = &1, A] = —p—lz‘Az }
pPn

We are interested in the case when the equilibrium
(—p12Aa/py, @) is a saddle, i.e., when the manifold
M§" is normally hyperbolic. Such a manifold is either
connected to itself or to some other hyperbolic invari-
ant manifold by homoclinic or heteroclinic mjjanifolds.

In Fig. 1 we show the geometry of the jinvariant
manifold Mg’ by factoring out the angular cgordinate
a,. We also indicate two important three-dimensional
surfaces in the figure that appear as planes. 'Irhe plane
A; = 0 corresponds to the resonance hypersurface as-
sociated with the stronger r|-resonance, while Ay =0
describes the hypersurface of the weaker rz-re:sonance.
We shall refer to these hypersurfaces as the cores of the
respective resonances. It is simple to see tha ‘most so-
lutions in M are periodic and, in terms of jhe full n-
degree-of-freedom normal form (4), they correspond
to the limits of (n — 1)-dimensional whiskered tori
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Fig. 1. The invariant manifold MO‘

that are created by the perturbation in the resonance
junction. Note that the solutions of (10) have zero
evolution in the direction of the weaker resonance; in
particular, there are no solutions that cross the core of
the weak resonance. At the same time, in any neigh-
borhood of the manifold M&' most solutions do cross

the core of the strong resonance

A CSONANLC,

Restricted to the manifold .M(;‘,
Hpend(A, a; 0) is of the form

the gradient of

det P
Pu

DHpeng(A, a; 0)|Mnl (0 0, Az,O\

The third entry in this vector is precisely the frequency
of the periodic orbit in M which is labelled by the
given constant value of A,. By (11), this frequency
is nonzero away from the core of the weak resonance
(A2 = 0). This implies that the three-dimensional
energy surfaces of system (10) intersect Mg' trans-
versely along periodic orbits that are separated from
the core of the weak resonance. (Transversality can be
seen by noting that for any fixed A, # Oand @, € §',
the gradient DHeng has a nonvanishing inner product
with the vector (—py; /n..,ﬂ 1,0), which lies in the
tangent space of is MO' ) Hence, a more geometric
explanation for the lack of motions crossing the weak
resonance is the fact that the energy surfaces near M:;’ !
act as barriers to such motions.

The core of the weak resonance intersects the mani-
fold M(‘;’ ! in an invariant circle (or resonant circle) C,
that satisfies A; = A, = 0. This circle does not carry
periodic solutions, rather, it consists entirely of equi-
libria. This object has a great significance in the study
of the resonance junction as it corresponds to the in-
variant (n — 1)-dimensional torus of the integrable

Hamiltonian Hy that is located precisely at the center
of the resonance junction, i.e., at the intersection of
the cores of the weak and the strong resonances. In the
limit p = O of the normal form, this torus is foliated by
a one-parameter family of (n —2)-dimensional invari-
ant tori which appear in system (10) as the equilibria
coniained in the resonani circie.

4. Diffusion across the weak resonance

The question we want to address now is how the
flow near the circle C; changes in the perturbed system

A] = —Dmvl( M) - poVZ(a /.L)
Ar = —pD V(o 1)
LRV Fay ri\Nzy v

a) = p11Al +pdy,  dy = prAr+pnA (12)

Basic invariant manifolds guarantee [14] that the
manifold Mg‘ will smoothly perturb into a O(p) C"-
close invariant manifold M7 for any finite integer
r. It is not difficult to show [15] that this perturbed
manifold carries a uue-uegree-m freedom Hamilto-
nian dynamics which slightly deforms but preserves
the periodic solutions on M}‘Z‘ away from the A, =0
core of the weak resonance. The perturbed energy-
surfaces are now given by Hpeng(A, a; p) = const and
they keep intersecting the manifold M‘;' transversely
with O(1) transversality away from the set A; = 0.
As a result, they remain barriers to motions in di-
rections transverse to the weak resonance. However,
such barriers are not guaranteed to survive in a neigh-
borhood of the surface A; = 0 where the unperturbed
energy surface is degenerate and has a nontransverse
intersection with the manifold M§'.

To understand what happens on M‘;“ close to this

P N PSRRI | PRy

P . PRSP
glliCraly, wo inroauce lllC usual resonance Scaii

Ay =./pm,

which “blows up” a neighborhood of the core of
the weak resonance. Then the Hamiltonian flow on

M;’;' is generated by the restricted Hamiltonian H, =
Hpend]./\/ig’, which is of the form

Hy(m, @2) = pH(n, az) +0(p*?),

1detP
H(ng, ) = = o

n° + Va(@ an p). (13)
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We refer to H as the reduced Hamiltonian and note that
nonsingular level curves of this Hamiltonian smoothly
approximate actual trajectories of the restricted Hamil-
tonian }, with O(,/p) precision (which means O(p)
precision in the original A, coordinate). These actual
motions on M‘;' satisfy the equations

77 = *\/_15 DagH(Tl9 a2) + O(p)s
&2 = \/p DyH (. a2) +O(p).

which are Hamiltonian, but in general are only canon-
ical at leading order [15]. These equations show that
Mﬁ‘ is locally a slow manifold that contains mo-
tions with a characteristic time scale of the order of
o(l1/ V/P). We call these slow motions diffusion on
the perturbed manifold Mt

As seen from (13), the reduced Hamiltonian H is
a one-degree-of-freedom potential-type Hamiltonian
with mass det P/p;; and potential Va(&; aq; ). In
general, by the nondegeneracy conditions (11), all
equilibria of such a Hamiltonian lie on the a; axis and
all level curves of ‘H intersect the axis = 0 trans-
versely. A typical phase portrait for H is shown in
Fig. 2a. Note that almost all orbits in an order O(,/p)
neighborhood of the core of the weak resonance cross
the core of the weak resonance and connect points
on opposite sides of this core that are O(,/p) apart
in their A, coordinates. The existence of these mo-
tions is due to the change in the topology of the en-
ergy surface Hpend(A,a: p) = const which removes
the energy-barriers near Ay = 0 and allows solutions
to cross the weak resonance (see Fig 2b). (This new
topology of the energy surfaces follows from the re-
sults of Fenichel on the invariant foliations of stable
and unstable manifolds [ 10,11].) It is then plausible
to define the width of the weak resonance channel near
Mg‘ by picking the maxima and minima of the sepa-
ratrices that separate crossing and noncrossing trajec-
tories on the slow manitold, and considering the strip
lying between these two 7 values (see Fig. 2a). If a,
is the angular coordinate of the hyperbolic equilibrium
to which the two limiting separatrices asymptote, then
the width of the weak resonance channe! in terms of
the original localized action variable A, is given by

AA; = /pAn,

8Pl| O
An - —— [Va(a & 7
(I;?g.)s(' (delP[ 2( a2 )

1/2
- V2(C—Vl‘az§ﬂ)]> . (14)

We exclude a small but fixed neighborhood of the
slow separatrices by picking a periodic orbit!y,, that
bounds some elliptic region U (see Fig. 3a). We can
then write down an upper bound on the time: it takes
for slow motions on M5! to diffuse from on¢ side of
the resonance channel to the other side. This upper
bound is of the form

Ay
\/ﬁcu’

where ,/p Cy is the modulus of the average velocity
of a solution while it travels from one extremum point
of the orbit vy to the other (as a result, the iquantity
|Cyl is O(1) as p — 0).

We can also estimate the measure of initial condi-
tions in the vicinity of the manifold MS! for which the
corresponding solutions exhibit a similar O(/p) dif-
fusion through the core of the weak resonance. First,
we define the open annular region V C U as shown
in Fig 3a. Note that points in V are initial conditions
for solutions that connect points on different sides of
the weak resonance with action 7 coordinates at least
%An apart from 5 = 0. We define the constant ¢y > 0
so that on each solution in the set V the time of passage
from one extremum point to the other on theiopposite
side of the weak resonance is bounded by ¢/ VP

The key tool we use at this point is a general normal
form for (12) near hyperbolic slow manifolds which
is originally due to Fenichel [10,16]. Near 'the slow
part of the manifold M3' and for (A2/\/p.a2) € U,
this normal form is given by

AT(u) = (15)

X =[—A+ X (x,¥)x; + X2 (x,y)x2
+ P X3(x,y) Ixy,

X2 =[A+ Xa(x,v)x; + Xs(x,¥)x2
+ /P Xe(x,y) ] x2,

)"1 = \/ﬁyl(x,,\’)xlxb
y2= P Xa(y) + K(x, y)x1x. (16)

Here the functions X; and Y; are as smooth as needed
and they also depend on the parameter ,/p. The pos-
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A,

b)

Fig. 2. (a) Phase portrait for the reduced Hamiltonian. (b) Schematic picture of energy surfaces near the weak resonance for p > 0.

a)

b)

Fig. 3. (a) Definition of the sets U and V. (b) Local geometry near the slow manifold.

itive constant A is equal to the positive eigenvalue of
the Jacobian D2 Hpeng(0, 0, &;;0). The slow manifold
MG is now simply given by x = 0 and its local stable
and unstable manifolds are given by x; =0 and x; =
0, respectively. The coordinates (y;, y,) are action-
angle-type variables for the periodic orbits in the do-
main U. We want to determine the possible initial con-
ditions for a solution (x(¢), y(¢)) that enters a small
box of size 28¢ around the slow manifold (see Fig.
3b) and stays close for times ¢+ < AT(u) to a slow
solution (xs(t), ys(¢)) in the set V. A simple estimate
based on the Fenichel norm form (16) shows that the
x7 coordinates of such trajectories at entry have to sat-

isty |x2(0)| < 8 exp(—3c1A/4,/p), otherwise these
trajectories would leave the §p-box before the time
AT(u). (Here 2¢,/,/pisalower bound on the periods
of the solutions inside V.) In that case, (16) yields the
estimate |x; (1) x2(2)| < K83 exp(—c1A/2,/p) for all
t € [0,AT(u)] and for & sufficiently small, which
in turn implies

sup  |y1(1) = ya(1)] < K285 exp(—c1A/24/p),

t€[0,AT (u) ]

sup  |y2(8) — ()| < K3djexp(—c1A/2,/p).
t€[0,AT () }
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Thus the y-coordinates of the solution passing
through the 8p-box indeed stays (exponentially) close
to the y-coordinates of the slow solution. As a re-
sult, we can select an open set Z of initial conditions
around the slow manifold with measure

mes4 (1)
> Ka[Area(V) x 8y x pexp(—c1A/2,/p)]
= O(exp(—c1A/2y/p)), (17)

such that solutions starting from the set 7 diffuse
through the weak resonance along the strong reso-
nance. (Here mes, () denotes the Lebesgue measure
in the (A, a)-space.) If the estimates (15) and (17)
hold for 0 < p < py, then decreasing the value of u
to po and using (6) we obtain the following diffusion
time and diffusion measure estimates for motions of
the original Hamiltonian (1),

AT < .G (n) k"% exp($x|r2]) ’
Ve VK,

mes; (7)) > e"/zCzexp < —

A" exp( %Klr2|)>
CGmVK, )
(18)

Here C> > 0, and the positive constants C)(n) and
Cy(n) depend only on the number of degrees-of-
freedom. The factor 1/4/€ in the diffusion time es-
timate is the result of the /e factor multiplying the
pendulum Hamiltonian in (4), and the €"/2 factor in
the measure estimate enters because of the transfor-
mation (3). Note that while the lower estimate for
mes; (I) is super-exponentially small in terms of the
order of the weaker resonance, it is algebraic in the
perturbation parameter €. This fact is quite remark-
able because if one performs similar estimates for the
measure of initial conditions that exhibit Arnold dif-
fusion along a single resonance of Hamiltonian (1),
one obtains a measure that is exponentially small in €
{6]. To summarize, we can conclude that while dif-
fusion across weak-strong resonance junctions of the
Hamiltonian (1) is necessarily restricted to lengths
of the order of O(/€) as € — 0, its speed and the
measure of initial conditions it effects is much larger
than the same quantities for Arnold diffusion along a
single resonance, even when the latter are computed
for similar lengths in the action space.

5. Conclusions

In this note we have derived a normal form to de-
scribe motions near the intersection of a weaker and a
stronger resonance in an n-degree-of-freedom, nearly
integrable Hamiltonian system of form (1). QSing the
exponential decay in the Fourier series of the ana-
lytic perturbation, we have shown that if the prder of
the second resonance obeys estimate (6) for some
small number . < ||H (I',¢;€)||, then the nor-
mal form is an order O(u) perturbation ofian inte-
grable pendulum-type equation that depends only on
the stronger resonant combination of the phbses. As
a result of its logarithmic dependence on ]] M, con-
dition (6) does not require a very high order |rz| for
the second resonance, thus we expect our resujllts to be
relevant for a large class of resonance junctiqj)ns.

We have analyzed the integrable part of the normal
form and identified energetical barriers that prevent
motions from crossing the weaker resonance zi:ilong the
stronger one. However, near an (n — 1)-dimensional,
doubly-resonant torus at the center of the junction.
these barriers are singular and are typically destroyed
by the perturbative effect of the weaker resonjance. In-
deed, in terms of the pendulum-type Hamilldnian. the
singularity perturbs into a normally hyperbol #c invari-
ant slow manifold that contains periodic solutions that
cross the weaker resonance. These slow pen}iodic SO-
lutions correspond to (n — 1)-tori in the full fruncated
normal form which possess one slow phase. The sur-
vival of these tori under the exponentially small tail of
the normal form is a more subtle question which we
did not address here [ 11]. However, the exilstence of
solutions that connect the opposite sides of the weak
resonance while moving along the strong resonance is
independent of the persistence of the aboveitori. The
reason is that for e sufficiently small, 1/ \/E < evle
(see (18)), thus, by basic results from mqjlti-phase
averaging, the above motions do approximate actual
near-resonance motions of Hamiltonian (1) with ex-
ponentially small error on the time scale q)f the es-
timated crossing time AT [9,13,11]. We also gave
a lower estimate in (18) for the measureéof initial
conditions that exhibit the same cross-resonance dif-
fusion. Our estimates are algebraic in the%perturba-
tion parameter € as opposed to similar estimates for
Arnold diffusion along a single resonance, Mhich yield
a lower bound that is exponentially small in e. This
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fact gives an explanation for the numerical results in
Ref. [8] which indicate that cross-resonance diffusion
appears to dominate Arnold diffusion and it frequently
involves higher order resonances.

The diffusing trajectories we constructed in this note
are regular motions that may cross the weak resonance
repeatedly. In a companion paper [11] we show the
existence of complicated, multi-pulse homoclinic or-
bits that asymptote to the crossing motions in forward
and backward time after an intermediate “jumping”
along the stronger resonance. These homoclinic or-
bits turn out to admit a universal bifurcation diagram
that can be described by an infinite binary tree. Fur-
thermore, these orbits are created via O(+/€) splitting
of separatrix surfaces which results in more intense
chaotic dynamics than in the case of diffusion along
a single resonance.
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